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Introduction: from mean maximization to risk-aware bandits

Classical MAB (maximize expected reward)
An agent chooses action A (can be random variable) among k arms repeatedly, gets reward
(r.v.) R(A); the goal is to maximize E[R(A)]. This assumes risk neutrality.

Risk-aware setting: in many applications (finance, healthcare, safety-critical systems),
stability matters more than raw return. We seek the arm with lowest variance σ2

a , not highest
mean.

Existing approaches: UCB/LCB-type bounds for mean-variance trade-off (Sani et al. 2012)
or CVaR-based methods.

Our angle: Softmax policy gradient – no stored variance statistics; estimator computed on
the fly via a single extra draw per step (cf. prior L2-regularized PG MAB in [1]).
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Softmax parameterization and objective

k arms, each with unknown mean µa and variance σ2
a .

Preference vector H ∈ Rk , softmax policy:

ΠH(a) =
eH(a)∑k
b=1 e

H(b)
.

Variance-minimizing objective:

L(H) =
k∑

a=1

ΠH(a)σ
2
a = EA∼ΠH

[
V(R(A) | A)

]
.

Goal: minH L(H) so that the policy concentrates on the lowest-variance arm.

Difficulty: σ2
a cannot be read from a single reward – we need an unbiased estimator of the

per-arm variance.
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Key idea: unbiased variance from two independent draws

Idea: Sample At ∼ ΠHt , then draw two i.i.d. rewards Rt ,R
′
t ∼ R(At).

Define the composite reward:

Rt =
1

2
(Rt − R ′

t)
2 with E[Rt | At = a] = σ2

a . (1)

Indeed, for i.i.d. X ,Y : E[(X − Y )2] = 2σ2
a .

Gradient update (Robbins–Monro):

Ht+1(a) = Ht(a)− ρt (Rt − R̄t)
(
1a=At − ΠHt (a)

)
,

with R̄t a running-average baseline for variance reduction.
No per-arm statistics stored – everything is on-the-fly.
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Risk-aware extension: mean–variance trade-off

A general objective combining reward and variance is to minimize:

Lr (H) =
k∑

a=1

ΠH(a)
(
λσσ

2
a + λµµa

)
, λµ ≤ 0 ≤ λσ.

Special cases:

λµ = 0, λσ = 1: pure variance minimization (previous slide).

λµ < 0, small λσ: prefer high-mean arms but penalize risk.

Algorithm: draw a mini-batch of ℓ rewards from the selected arm, compute empirical mean µ̂t

and variance σ̂2
t , set composite reward Rt = λσσ̂

2
t + λµµ̂t , then apply the same update.
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Theory: almost-sure convergence

Proposition

Assume constant step-size ρt = ρ and that all arms have distinct quality scores
qa = λσσ

2
a + λµµa. If rewards are bounded, then:

ΠHt −−−→t→∞
Π⋆ = δa⋆ almost surely,

where a⋆ uniquely minimizes qa.

Proof: use general proofs for the softmax policy gradient cf. Mei et al. [2].
Remark: boundedness on rewards is strong but benign in practice (truncation preserves the
optimum). Heavy-tailed distributions remain future work.
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Numerical setup

Code: https://github.com/gabriel-turinici/min_variance_and_risk_averse_softmax_MAB

Variance minimizing version i.e. λµ = 0, λσ = 1.

Arms Means Std. dev.

Toy 2 arms k = 2 (0, 0) (1,
√
2)

Toy 10 arms k = 10 (0, . . . , 0) σa =

{√
4 a < 10

1 a = 10

Hard 10 arms k = 10 µa ∼ N (4, 1) σ2
a ∼ U[1, 5] (Sutton-Barto)

Detection metrics: regret and optimal-arm frequency, 95% CI over 1000 runs each.

All start from H0 = (0, . . . , 0) (uniform).
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Results: 2-arm toy problem

Toy 2 arms : k = 2; Means (0, 0) ; Variances (1, 2)
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Regret → 0 and optimal-arm frequency → 100% in just 200 steps (ρ = 0.5, 1000 runs).
Clean separation (σ2 = 1 vs 2) makes identification easy.
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Results: 10-arm toy problem

Toy 10 arms : k = 10; means: (0, . . . , 0); σa =

{√
4 a < 10

1 a = 10
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Again regret → 0 and frequency → 100% in 300 steps (ρ = 0.05, 1000 runs).

Note: the 9 sub-optimal arms a = 1, ..., 9 share same variance (σ2 = 4); only the best arm
a = 10 is separated, which is sufficient.
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Results: hard 10-arm random separation

Sutton–Barto design: µa ∼ N (4, 1), σ2
a ∼ U[1, 5] (many near-ties).

ρ = 0.1, 2000 steps, 1000 runs.
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Regret stays very low despite frequency plateauing around 70%. The near-ties cannot always
be resolved, but the selected arm’s variance is still close to optimal.
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Summary and future work

What we did: risk-aware MAB where the target is the lowest-variance arm (or a
mean–variance trade-off).

Key contribution: softmax policy-gradient algorithm with an unbiased variance estimator
from 2 draws, no stored statistics, proven almost-sure convergence under mild assumptions.

Numerics: all three test cases confirm theory – toy examples converge to 100% optimal; the
hard case shows that even when there are many near-ties limit regret remains low.

Future work:

Contextual / time-dependent bandits and full RL extension.

Variance-reduction techniques for sample efficiency.

Convergence analysis for heavy-tailed distributions (relax boundedness).
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G. Turinici (Université Paris Dauphine - PSL) Variance minimization and risk-averse MAB AIS 2026 17 / 17


	Introduction
	Formulation
	Theory
	Numerical experiments
	Summary
	

